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Abstract. Previous work introduced a relation-algebraic framework for
reasoning about weighted-graph algorithms. We use this framework to
prove partial correctness of a sequential version of Bor̊uvka’s minimum
spanning tree algorithm. This is the first formal proof of correctness for
this algorithm. We also discuss new abstractions that make it easier to
reason about weighted graphs.
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1 Introduction

The Minimum Spanning Tree (MST) problem is to find a subset of the edges
of a graph that form a tree, connecting the graph’s vertices, where the sum of
the weights of the edges is minimal [32]. In 1926, Otakar Bor̊uvka described the
MST problem and gave an algorithm to solve it [6]. He was perhaps the first
person to do so [12]. Bor̊uvka’s original paper is written in Czech; a translation
can be found in [24]. Bor̊uvka’s MST algorithm was independently discovered
by Choquet [8], Florek et al. [10], and Sollin [2]. Many textbooks do not treat
Bor̊uvka’s MST algorithm with the same exposure as the algorithms of Prim [29]
and Kruskal [21]; nevertheless, it is significant for its influence on running-time
complexity improvements for MST algorithms [7,18,34].

Bor̊uvka’s MST algorithm computes a minimum spanning tree of a weighted,
connected, undirected graph whose edge weights are distinct. The algorithm
begins by initialising a forest with n trees, each containing a single vertex, where
n is the number of vertices in the graph. While there is more than one tree in
that forest, the following step is repeated. For each tree in the forest, find the
edge in the graph with the smallest weight among all edges that leave the tree;
all edges found in this way are added to the forest in this step.

A relation-algebraic framework for MST problems was introduced in [13] and
has been used to formally verify Prim’s [14] and Kruskal’s [15] MST algorithms.
In the present paper, we use this framework to formally verify a sequential version
of Bor̊uvka’s MST algorithm. Its contributions are
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– In Sect. 3 we define components of a graph in terms of a vector, representing
a subset of vertices, and an equivalence, representing connectivity. We also
introduce an operation, k, to select an arbitrary component of a graph. We
show that this operation can be expressed in m-Kleene algebras.

– In Sect. 4 we present axioms for forests modulo an equivalence, a new ab-
straction that can represent a forest-like structure where clusters of vertices
are conceptually collapsed to points forming a forest with the edges that
connect them. A number of properties of this abstraction are also given. Ad-
ditionally, we study paths between vertices in a forest modulo an equivalence
and present a theorem for splitting such a path on one of its edges.

– In Sect. 5 we formalise Bor̊uvka’s MST algorithm in m-k-Stone-Kleene rela-
tion algebras. The formalisation uses the k operation.

– In Sect. 6 we discuss key invariants of our correctness proof of Bor̊uvka’s MST
algorithm and highlight how we have used the abstractions introduced in
previous sections. This is the first formal correctness proof of this algorithm.

Additionally, we have used Isabelle/HOL [27] to formally verify all results
in this paper. The corresponding theories are available in the Archive of Formal
Proofs [16] and proofs are omitted from this paper. The PDF version of this
paper includes links to the relevant theorems and definitions, hosted online. Our
proof of Bor̊uvka’s MST algorithm uses a Hoare-logic library and verification
conditions are generated using a tactic of that library [25,26]. Further details of
the correctness proof are described in [30].

There are other recent works verifying MST algorithms in Isabelle/HOL.
For example, a functional version of Prim’s algorithm was verified in [22] and an
imperative version of Kruskal’s algorithm was verified in [17]. These verifications
use different frameworks than our work. For more examples and further related
work see the survey [28] and [30].

2 Basic Definitions

In this section, we define the algebras that will be used in this paper. We are
interested in algebras for reasoning about weighted graphs. Unweighted graphs
have a straightforward representation as Boolean adjacency matrices so it makes
sense that relation algebras, binary relations in particular, have been used to rea-
son about graph algorithms [3,4,11,19,31]. Relation algebras can be generalised
to Stone relation algebras to handle edge weights [13]. This is convenient since it
does not involve additional structures to represent edge weights. Edge weights are
typically numbered and lattices [1] provide a basis for comparing those weights.

Definition 1. A bounded distributive lattice, (S ,t ,u ,⊥ ,>), is a partial or-
der, S, where for all x, y, z ∈ S both a join, x t y, and a meet, x u y exist and
where x u ⊥ = ⊥ and x t > = >, and finally where

x t (y u z) = (x t y) u (x t z) x u (y t z) = (x u y) t (x u z)
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Unfortunately, Boolean algebras cannot be used to represent edge weights
as there is no suitable way to define a complement operation. The pseudo-
complement operation of Stone algebras [5] weakens the complement axioms
just enough to permit the inclusion of elements representing edge weights.

Definition 2. A Stone algebra, (S ,t ,u , ,⊥ ,>), is a bounded distributive
lattice, (S ,t ,u ,⊥ ,>), with a pseudo-complement operation, , where for all
x, y ∈ S

x t x = > x u y = ⊥ ⇔ x ≤ y

The pseudo-complement y is the greatest element whose meet with y is ⊥. If
x = x then x is said to be regular. If a Stone algebra has only regular elements
then it is a Boolean algebra.

Stone relation algebras [13] include much of the structure we require from
relation algebras [23,33] but without the restrictions of the complement operation
of Boolean algebras.

Definition 3. A Stone relation algebra, (S ,t ,u , · , , > ,⊥ ,> , 1), is a Stone
algebra with operations composition, ·, and transpose, >, and a constant, 1, where
for all x, y, z ∈ S

(xy)z = x(yz) 1x = x

(x t y)z = xz t yz ⊥x = ⊥
(x>)> = x xy = x y

(xy)> = y>x> 1 = 1

(x t y)> = x> t y> xy u z ≤ x(y u x>z)

Unless overridden with brackets, the operations have the precedence, from high-
est to lowest: >, , ·, u, t. Composition, x · y, is often abbreviated to xy.

An element x ∈ S is called reflexive if 1 ≤ x, transitive if xx ≤ x, symmetric
if x = x>, an equivalence if x is reflexive, transitive, and symmetric, a vector
if x> = x, univalent if x>x ≤ 1, injective if xx> ≤ 1, surjective if 1 ≤ x>x,
bijective if x is injective and surjective, a point if x is a bijective vector and an
arc if both x> and x>> are bijective.

For graphs, vectors are used to represent sets of vertices, points to represent
a single vertex, and arcs to represent edges.

Stone-Kleene relation algebras combine Stone relation algebras with Kleene
algebras to allow reasoning about reachability [13]. The unfold and induction
axioms of the Kleene star are taken from [20].

Definition 4. A Stone-Kleene relation algebra, (S ,t ,u , · , , > , ∗ ,⊥ ,> , 1), is
a Stone relation algebra, (S ,t ,u , · , , > ,⊥ ,> , 1), with an operation, ∗, where
for all x, y, z ∈ S the unfold and induction axioms hold

1 t xx∗ ≤ x∗ z t xy ≤ x⇒ zy∗ ≤ x

1 t x∗x ≤ x∗ z t yx ≤ x⇒ y∗z ≤ x

and additionally, (x)∗ = x∗.



We abbreviate xx∗ as x+. Furthermore, we call any x ∈ S acyclic if x+ ≤ 1, and
a forest if x is injective and acyclic.

Structure for reasoning about minimisation and aggregation is provided by
m-Kleene algebras [14].

Definition 5. An m-Kleene algebra, (S ,t ,u , · ,+ , , > , ∗ , s ,m ,⊥ ,> , 1), is
a Stone-Kleene relation algebra, (S ,t ,u , · , , > , ∗ ,⊥ ,> , 1), with operations
addition, +, summation, s, and minimum selection, m, where for all x, y, z ∈ S,
the summation properties are satisfied

x 6= ⊥ ∧ s(x) ≤ s(y)⇒ s(z) + s(x) ≤ s(z) + s(y)

s(x) + s(⊥) = s(x)

s(x) + s(y) = s(x t y) + s(x u y)

s(x>) = s(x)

the linear property is satisfied

s(x) ≤ s(y) ∨ s(y) ≤ s(x)

the minimum-selection properties are satisfied

m(x) ≤ x

x 6= ⊥ ⇒ m(x) is an arc

y is an arc ∧ y u x 6= ⊥ ⇒ s(m(x) u x) ≤ s(y u x)

and S contains only finitely many regular elements.

For reasoning about weighted graphs, we are interested in an instance of these
algebras where the carrier set is comprised of square matrices whose entries are
taken from the set of real numbers extended by ⊥ and >, the least and greatest
elements respectively. This may be denoted as R′A×A where A is the index set
of a square matrix and R′ = R ∪ {⊥,>}.

In this model, an entry > in a matrix denotes an arc with unknown weight, ⊥
the non-existence of an arc, and the real numbers arcs with weights corresponding
to their values. Therefore, the regular elements (matrices over ⊥,>) describe the
structure of graphs without weight information. The constant matrices ⊥, > and
1 are defined as follows: ⊥ij = ⊥ for all i, j ∈ A, >ij = > and

1ij =

{
> if i = j,

⊥ otherwise

The operations u and t are the componentwise minimum and maximum,
respectively. The binary + operation on R′ is the standard addition for real
numbers and the maximum otherwise; for example, ⊥+> = >. This operation
is lifted to matrices, componentwise. The composition operation is defined as
(M ·N)ij = maxk∈A min{Mik, Nkj}. The pseudo-complement on R′ yields x = ⊥



for all x 6= ⊥ and ⊥ = >. It is lifted componentwise to matrices. The > operation
is the usual transpose of matrices. The ∗ operation describes reachability in a
graph and is defined recursively using Conway’s construction [9]:(

a b
c d

)∗
=

(
e∗ a∗bf∗

d∗ce∗ f∗

)
where

(
e
f

)
=

(
a t bd∗c
d t ca∗b

)
The s-operation computes the sum of all weights in a matrix and is given by
applying + to all entries and storing the result in a fixed position of the re-
turned matrix. The remaining entries in the resulting matrix are set to ⊥. In
this model, s(⊥) = ⊥ and ⊥ is the unit of +, however, there are models where
neither holds [14]. The m-operation may be used for selecting an arc with min-
imum weight. When the input matrix contains at least one non-⊥ entry, the
m-operation returns a matrix with > stored in the position corresponding to
that of a minimum-weight arc and ⊥ everywhere else. The result of m(⊥) is ⊥.
This model is an m-Kleene algebra [13,14,15].

3 Component Selection

In graph theory there are notions of strongly-connected or weakly-connected
components in a directed graph. We axiomatise an operation to select an arbi-
trary connected component. A component of a graph may be represented by a
set of vertices as a vector.

Definition 6. Let S be a Stone relation algebra and let x , v ∈ S. Then v repre-
sents vector-classes of x if x and v are regular, x is an equivalence, v is a vector,
xv ≤ v, and v 6= ⊥. If v represents vector-classes of x and additionally, vv> ≤ x
then v represents a unique-vector-class of x.

A vector-class corresponds to one or more equivalence classes of x. The con-
dition xv ≤ v ensures that v contains either all elements or no elements of
each class. A unique-vector-class corresponds to one equivalence class. This can
be used to represent the set of vertices of a particular component of a graph
whose components are specified by an equivalence. The equivalence yielding the
weakly-connected components of a graph, g, is obtained by taking the symmetric
reflexive transitive closure, x = (g t g>)∗. For another example, the strongly-
connected components of g are given by the equivalence g∗ u g>∗.

Definition 7. A k-Stone relation algebra, (S ,t ,u , · , , > , k ,⊥ ,> , 1), is a
Stone relation algebra, (S ,t ,u , · , , > ,⊥ ,> , 1), with a binary operation k,
where for all x, v ∈ S the element k(x, v) is a regular vector and

k(x, v) ≤ v (1)

k(x, v) · k(x, v)> ≤ x (2)

x · k(x, v) ≤ k(x, v) (3)

and, if v represents vector-classes of x then

k(x, v) 6= ⊥ (4)
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If v represents vector-classes of x the element k(x, v) is a vector representing
an arbitrary component that is connected according to x and contained in v.
Axiom (1) expresses that the result of k is contained in the set of vertices we
are selecting from, ignoring the weights. Axiom (2) makes any two vertices from
the result of k connected in x. Axiom (3) expresses that the result of k is closed
under being connected in x. This means that either all vertices of a component
of x are included in the output of k, or none are. Axiom (4) requires that k
returns a non-empty component if v represents vector-classes of x. If this is the
case, the output of k represents a unique-vector-class.

Theorem 1. Let S be an m-Kleene algebra with a function k defined as

k(x, v) =

{
x ·m(v)> if v represents vector-classes of x,

⊥ otherwise

Then S is a k-Stone relation algebra.

This particular implementation of k does not select an arbitrary component but
rather a component containing a minimum-weight arc in v.

Definition 8. An m-k-Stone-Kleene relation algebra, (S ,t ,u , · ,+ , , > , ∗ , s ,
m , k ,⊥ ,> , 1), is an m-Kleene algebra, (S ,t ,u , · ,+ , , > , ∗ , s ,m ,⊥ ,> , 1),
with a component selection operation, k, such that the reduct, (S ,t ,u , · , , > ,
k ,⊥ ,> , 1), is a k-Stone relation algebra.

Previous work shows that matrices over R′ form a model of m-Kleene algebras
[13,14,15]. Every m-Kleene algebra is an m-k-Stone-Kleene relation algebra by
Theorem 1. The correctness of Bor̊uvka’s MST algorithm will be proved in m-
k-Stone-Kleene relation algebras, hence it holds in the weighted-graph model
described in Sect. 2 and in many other models [14].

4 Forests Modulo an Equivalence

We generalise forests by giving axioms to treat a graph, d, as a forest modulo an
equivalence, x. The arcs in d form a forest-like structure where each equivalence
class of x forms a strongly-connected component. The intent of this abstraction
is to provide an algebraic basis for reasoning about connectivity while forgetting
about some of the structure of a graph.

4.1 Axioms and Properties

First, we define forests modulo an equivalence and give a number of properties
for such structures.

Definition 9. Let S be a Stone-Kleene relation algebra and let x , d ∈ S. Then,
d is a forest modulo x, if x is an equivalence, xd is univalent, and

x u dd> ≤ 1 x u (xd)+ ≤ ⊥
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Fig. 1. An example of a forest modulo an equivalence (left) and a view of the quotient
set of components (right). The equivalence classes are enclosed in circles and labelled
v1 to v5. The arcs in d, labelled d1 to d3, form a forest modulo that equivalence.

These axioms describe a forest-like structure where the arcs in d are directed
towards their respective root component(s). For example, the forest modulo an
equivalence in Fig. 1 has two root components: v4 and v5. The special case of a
forest modulo 1 is the transpose of a forest, that is, univalent and acyclic.

Theorem 2. Let S be a Stone-Kleene relation algebra and let d, x ∈ S and let
d be a forest modulo x. Then d is acyclic and univalent and

2.1. d t d> ≤ x
2.2. dx t xd ≤ x
2.3. x(d t d>)x ≤ x
2.4. (dx)+ ≤ x
2.5. (xd)+ ≤ x

2.6. (xd)∗ u (xd)> = ⊥
2.7. d>xd ≤ 1
2.8. (xd>)+xdxd> ≤ (xd>)+

2.9. (d>x)∗(xd)∗ = (d>x)∗ t (xd)∗

Furthermore, let a ∈ S be an arc and let a ≤ d, then

2.10. (d u a)>(xa>) ≤ ⊥
2.11. (x(d u a))∗xa> =

(
x
(
(d u a) t (d u a)>

))∗
xa>

Theorems 2.1 to 2.5 describe how d separates equivalence classes of x. For
example, Theorem 2.4 states that taking steps (dx)+ that involve one or more
d-arcs leads to a different component. Theorem 2.6 follows from the acyclic-like
structure of the forest modulo x. Theorem 2.7 is derivable from xd being univa-
lent. Theorem 2.9 follows from x being an equivalence and xd being univalent.
This theorem states that taking any number of steps backwards in the forest
modulo x (away from the roots) followed by any number of steps forwards in
the forest modulo x (towards the roots) is the same as going either forwards or
backwards. Consider the situation if we take a step backwards between compo-
nents of a forest modulo x without using an arc a, which is in d. Then, Theorem
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2.10 states there is no sequence of steps we can take in the component we find
ourselves in to next take a step along arc a.

4.2 Paths in Forests Modulo an Equivalence

Next, we define a general expression for the existence of a path between two
vertices in a forest modulo an equivalence.

Definition 10. Let S be an m-k-Stone-Kleene relation algebra and let a , b , d ,
x ∈ S. Then, a d

x b holds if a and b are arcs, x is an equivalence, and

a>> ≤ (xd)∗xb> (5)

Property (5) states that there is a path from the target of a, represented by
the point a>>, to the source of b, represented by the point b>, in the forest d
modulo x.

The following result states that for an arc e there is a path in d t e between
a and b if and only if there is either a path in d from a to b, or a path in d from
a to e and one from e to b.

Theorem 3. Let S be an m-k-Stone-Kleene relation algebra where a , b , e , d ,
x ∈ S are regular and let e be an arc and x be an equivalence. Then

a dte
x b⇔ a d

x b ∨
(
a d

x e ∧ e d
x b
)

Theorem 3 allows us to split a path. An example use of this is given in
Sect. 6.1.

5 Relational Formalisation of Bor̊uvka’s MST Algorithm

In this section, we formalise Bor̊uvka’s MST algorithm as a while-program,
shown in Fig. 2. The variables of the program are elements of an m-k-Stone-
Kleene relation algebra.

The input to the program is an undirected graph, g, modelled by a symmetric
matrix. With the exception of g, all variables are regular elements. Graph g
does not need to be connected. The algorithm constructs a directed minimum
spanning forest f (of g) that is initialised as empty (line 2).

The outer while-loop executes until there are no arcs in g that could connect
components of f (line 3). On lines 4 to 6, variables used by the inner while-
loop are initialised. The forest h maintains a stable representation of f in each
iteration of the inner while-loop. The vector j tracks the components still to be
considered by the inner while-loop. The variable d tracks the arcs that have been
added to f in each iteration of the inner while-loop. This variable is not required
by the algorithm but is used in the correctness proof.

The inner while-loop exits when all components have been processed (line 7).
As discussed in Sect. 7.1 of [15], for a directed graph, x, the weakly-connected
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1 input g
2 f ← ⊥
3 while f>∗f∗ u g 6= ⊥ do
4 d← ⊥
5 h← f
6 j ← >
7 while j 6= ⊥ do
8 v ← k(c(h), j)
9 e← m(vv> u g)

10 if e ≤ f>∗f∗ then
11 f ← f u e>

12 f ← (f u >ef>∗) t (f u >ef>∗)> t e
13 d← d t e

14 end
15 j ← j u v

16 end

17 end
18 output f

Fig. 2. A relational formalisation of Bor̊uvka’s MST algorithm.

components are given by (x t x>)∗. Furthermore, if x is a forest, this can be
simplified to c(x) = x>∗x∗. This is because, ignoring arc direction, two vertices
are connected in a forest if there is a path from one vertex backwards in x,
towards a root, and then forwards in x to the other vertex. An arbitrary com-
ponent, v = k(c(h), j), is selected from those that have not yet been considered
(line 8). The k operation introduced in Definition 7 is used. The vector j repre-
sents the components not yet processed by the inner while-loop and the forest,
h, represents f as it was when the current iteration of the outer loop started.
The equivalence c(h) describes the weakly-connected components of f , as they
were at the start of the current iteration of the outer while-loop. The component
v is then weakly connected in h and among those still to be processed by the
inner while-loop. Since j is reduced by v at the end of each iteration of the inner
while-loop and it continues until j is empty, every component of f is processed
exactly once in each iteration of the outer while-loop.

A minimum-weighted arc, e, is selected from among the arcs whose source is
in v and whose target is outside v (line 9). If e is not contained in a component
of f (line 10) then f is updated (lines 11 and 12), otherwise, it is not. Before e is
added to f , the algorithm ensures that any transpose of e, which may have been
added in a previous iteration of the inner while-loop, is removed from f (line
11). The update on line 12 adds e to f and at the same time reverses certain
arcs of f to maintain that f is a forest. These two updates give a new value for
f , f ′, that is:

f ′ =
(
f u e> u >e

(
f u e>

)>∗) t (f u e> u >e
(
f u e>

)>∗)>

t e (6)



The variable d is updated to track the arcs that have been added to f in this
iteration of the inner while-loop (line 13). The processed component is removed
from j so that it is not considered in subsequent iterations of the inner while-loop
(line 15). When the outer while-loop exits the algorithm terminates returning f
(line 18) which contains the structure of a minimum spanning forest of g without
weight information. The weighted version of the output may be obtained by
taking the meet with g. The undirected version of the output can be obtained
by taking the symmetric closure.

Bor̊uvka’s MST algorithm requires the input graph’s arc weights to be dis-
tinct. Because our formalisation does not require this, we have added a check in
the inner loop to ensure that no cycle is created (line 10). This check is also per-
formed in the relational version of Kruskal’s algorithm before adding an arc with
minimal weight to the forest variable [15]. The relational version of Kruskal’s al-
gorithm iterates over the arcs of the graph while the inner while-loop of the
algorithm we present iterates over component trees. This means that here we
are often working with the properties of vectors. Both approaches keep track
of the desired output by growing a minimum spanning forest, represented as a
directed graph whose components are rooted directed trees. This structure is
useful for maintaining that the output is injective and acyclic, properties used
to conclude that the result is a forest. We select a minimum-weight arc whose
source is in component v and whose target is outside v with m(vv> u g). This
expression was used in [14] in a relational version of Prim’s MST algorithm to
select an arc with minimum weight that leaves a set of visited vertices.

The complexity of Equation (6) results from representing f as a directed
forest, which is also the approach taken in [15]. The advantage of this approach
is that it is more simple to give a specification for being acyclic than if f was
undirected.

6 Correctness Proof

In this section, we discuss the partial-correctness proof of the formalisation pre-
sented in Sect. 5. We work in, and our proof holds for any instance of, m-k-
Stone-Kleene relation algebras. In particular, it holds for weighted matrices,
S = R′A×A.

We reuse the specification from [15] that was used to verify Kruskal’s MST
algorithm.

Definition 11. Let S be an m-Kleene algebra where f , g ∈ S. Then, f is a
spanning forest of g if f is a regular forest and

f ≤ g

g
∗ ≤ c(f)

The spanning forest, f , is a minimum spanning forest of g if for all u ∈ S where
u is a spanning forest of g, the following holds:

s(f u g) ≤ s(u u g)



Intuitively, a spanning forest is a maximal acyclic subset of arcs of a graph,
that is, composed of spanning trees, one for each component of the graph. A
minimum spanning forest is one where the sum of arc weights is minimal among
all possible spanning forests of a graph.

Our correctness proof assumes that both while-loops terminate. In future
work, we may eliminate this assumption by taking a similar approach as in [15].
Presently, under the assumption that both while-loops terminate, the following
theorem gives the preconditions and invariants we use to establish the postcon-
dition of the outer while-loop that f is a minimum spanning forest of g.

Theorem 4. Let S be an m-k-Stone-Kleene relation algebra and let g ∈ S
be symmetric. Then, the following invariant holds throughout Bor̊uvka’s MST
algorithm:

4.1. g is symmetric;
4.2. f is a regular forest;
4.3. f ≤ g, meaning that f is contained in g, ignoring arc weights;
4.4. there is a minimum spanning forest, w, of g, such that f ≤ w t w>.

Establishing Theorems 4.1 to 4.3 at the start of the algorithm is easy. The
variable g is symmetric as a result of the precondition; f is a regular forest since
⊥ is regular, injective and acyclic; and f ≤ g since ⊥ is the least element. We
reuse the proof from [15] to establish Theorem 4.4.

In contrast to Prim’s and Kruskal’s algorithms, Bor̊uvka’s MST algorithm
has a second while-loop that we must establish and maintain an invariant for.

Theorem 5. Let S be an m-k-Stone-Kleene relation algebra and let j ∈ S.
Then, the following invariant holds throughout the inner while-loop of Bor̊uvka’s
MST algorithm:

5.1. g 6= ⊥, meaning that the graph has at least one arc;
5.2. d is regular;
5.3. j is a regular vector;
5.4. h is a regular forest;
5.5. c(h)j = j, meaning that j contains each component of h entirely or not at

all;
5.6. d is a forest modulo c(h);
5.7. d> ≤ j, meaning that the sources of the arcs in d are not in the set of

vertices still to be processed;
5.8. ftf> = hth>tdtd>, meaning that, ignoring direction, f can be obtained

by taking the join of h and d;
5.9. ∀a, b : a d

c(h) b∧a ≤ c(h)ug∧b ≤ d⇒ s(bug) ≤ s(aug), meaning that, for

any arcs a and b, if there is a path from a to b in forest d modulo c(h) and
a is in the graph (ignoring weight) and is not contained in the components
of h and b is contained in d then the weight of b is less than or equal to the
weight of a.
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The requirements of the invariant for the inner while-loop are also easy to
establish owing to the values that the variables are initialised to.

Most of the work to maintain the invariants is to maintain the inner while-
loop invariant since, aside from variable initialisation, the logic of the inner
while-loop makes up the entirety of the outer while-loop.

The following result states the correctness of the algorithm.

Theorem 6. Let S be an m-k-Stone-Kleene relation algebra and let g ∈ S be
symmetric. Then, the following postcondition is established for Bor̊uvka’s MST
algorithm: f is a minimum spanning forest of g.

In the remainder of this section we give two examples of how the invariant
is maintained.

6.1 Maintaining Arc Weight Comparison in a Forest Modulo c(h)

To show that invariant 5.9 of Theorem 5 is maintained we must show that

a dte
c(h) b ∧ a ≤ c(h) u g ∧ b ≤ d t e⇒ s(b u g) ≤ s(a u g) (7)

for any arcs a, b. To this end, we assume that invariant 5.9 holds (for the previous
iteration of the inner while-loop) and that the antecedent of (7) is true.

Our proof is by case distinctions but within each case reasoning is algebraic.
There are six cases to consider and we discuss one of these in more detail. We
first make a case distinction where b 6= e and e � d. Next, we use Theorem 3 to
further split into two cases. The first is a d

c(h) b, that is, there is a path from a to

b in d modulo c(h), in which case we can conclude s(bug) ≤ s(aug) immediately
from invariant 5.9 of Theorem 5. The second is a d

c(h) e and e d
c(h) b, that is,

there is a path in d modulo c(h) from a to e and one from e to b.
We first treat the path from e to b. We have e ≤ c(h)ug, since e is contained

in the graph and not contained in the components of h. Additionally, b ≤ d,
since e and b are arcs and b 6= e and e � d and b ≤ dte. Together with e d

c(h) b,

it follows from invariant 5.9 of Theorem 5 that s(b u g) ≤ s(e u g).
Next, we treat the path from a to e. Either, the target of a is in the same

component as the source of e or not. If it is then we have a>> ≤ c(h)e> and
apply the following theorem.

Theorem 7. Let S be an m-k-Stone-Kleene relation algebra and let a , e , g ,
v , x ∈ S where g is symmetric, v represents a unique-vector-class of x, e =
m(vv> u g), a is an arc, a ≤ x u g, and a>> ≤ xe>. Then, s(e u g) ≤ s(a u g).

This result allows us to show that the selected arc, e, that is outgoing from a
component, v, must have a weight less than or equal to any other arc incoming to
that component in d with respect to the forest modulo x. This is a consequence
of m selecting a minimum-weighted arc.

To apply Theorem 7, we set x = c(h) and e = m(vv>ug) where v = k(c(h), j).
Then, we have that g is symmetric and a is an arc from the invariant, and c(h)
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is an equivalence. From the axioms of the k operation and since j 6= ⊥, we know
that v represents a unique-vector-class of c(h). From the antecedent we have
a ≤ c(h) u g. Hence, in this case, s(e u g) ≤ s(a u g).

If the target of a is not in the same component of c(h) as the source of e
then we describe an arc, y, that is on the path from a to e in d modulo c(h) and
whose target is in the same component of c(h) as the source of e. The arc y is
defined as

y = d u >e>c(h) u
(
c(h)d>

)∗
c(h)a>>

The meet with d ensures that y is an arc between components of c(h). The
second part of this expression, >e>c(h), ensures that the target of y is in the
same component of c(h) as the source of e. The last part of this expression,(
c(h)d>

)∗
c(h)a>>, ensures that the source of y is reachable from the target of

a by taking any number of steps in the forest d modulo c(h). We can show
that s(y u g) ≤ s(au g) using invariant 5.9 of Theorem 5 in a similar manner as
described above. Then, since we can apply Theorem 7 to show s(eug) ≤ s(yug),
it follows that s(e u g) ≤ s(a u g).

Finally, the result for the path from a to e and the result for the path from
e to b are combined to conclude that s(b u g) ≤ s(e u g) ≤ s(a u g).

6.2 Extending f to a Minimum Spanning Forest

The key property of the invariant of the outer loop that must be maintained is
that the forest, f , can be extended to a minimum spanning forest of the graph,
g, ignoring arc direction, that is, there exists a minimum spanning forest, w,
such that f ≤ wtw>. We were able to reuse work from [15] in the maintenance
of this invariant except the arc selected for replacement is changed.

If the arc added to f is not also in w then the added arc must replace an arc
in w to ensure that w remains acyclic. In [15] the arc selected for replacement
was the arc whose source was in the same component of f as the target of e.
This arc does not suit our purposes because we do not have a convenient way to
compare its weight with the weight of e. However, there is an easy comparison
to be made between e and the arc, i, shown in Fig. 3, whose target is in the
same component of f as the source of e. Namely, the weight of e is at least as
small as the weight of i, since i is among those arcs that the algorithm chose e
from with the minimum selection m(vv> u g).

Let q = wu>ew>∗, that is, the path from the root of w to the target of e and
let r = (wuq)tq>, that is, w with the path q reversed. Then, the desired forest,
w′, that extends f ′ is r, with i removed and e added. That is, w′ = (r u i) t e.
The arc i is defined as

i = r u c(f)e> u>e>c(f)

The meet with r limits i to only those arcs in the rooted directed forest w with
the path q reversed. The second part of this expression, c(f)e>, specifies that
the source of i cannot be in the same component of f as the source of e. Finally,
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q
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i

q>

w′

e

i

Fig. 3. Maintaining the invariant that f can be extended to a minimum spanning
forest, w, before (left) and after (right) adding arc, e. The path, q, to the root of the
rooted directed forest is reversed to maintain injectivity. The arc, i, whose target is in
the same component of f as the source of e, is removed to maintain that w′ is acyclic.
The vertices enclosed in a circle denote a component, in f . The root of the rooted
directed forest is highlighted grey.

the last part of the expression, >e>c(f), requires that the target of i is in the
same component of f as the source of e.

We prove that these requirements uniquely identify an arc, i. After the up-
date, the target of i becomes the root of w′ in the component that e is in.
Furthermore, we show that s(e u g) ≤ s(i u g) using Theorem 7.

7 Conclusion

We have formalised Bor̊uvka’s MST algorithm and proved its correctness. While
we have benefited from the relation-algebraic framework introduced in [13] and
the theorems subsequently developed in that framework, substantial additional
proof work was required to complete our verification. To better structure the rea-
soning, we have axiomatised an operation, k, to select an arbitrary component.
This axiomatisation uses a new definition for a component of a graph in terms
of an equivalence, describing connectivity, and a vector, describing the subset
of vertices we are selecting from. An implementation of k is given in m-Kleene
algebras.

We have introduced a new abstraction, forests modulo an equivalence, that
helps us to reason about forest-like structures of graphs by ignoring some arcs
in a graph and focusing on others. The proof of our formalisation of Bor̊uvka’s
MST algorithm applies this abstraction by considering the arcs connecting the
components that are constructed by the inner while-loop of the algorithm as a
forest modulo the components.

https://foss.heptapod.net/isa-afp/afp-devel/-/blob/fb0bec4328c42f25718bd71adb32038d05d270de/thys/Relational_Minimum_Spanning_Trees/Boruvka.thy#L1582


Much of our proof of Bor̊uvka’s MST algorithm used only the axioms of
Stone-Kleene relation algebras and our proof holds for instances other than the
weighted-graph model described in this paper. Different instances of m-Kleene
algebras give rise to formalisations of various other algorithms, for example, the
minimum bottleneck spanning tree problem [14]. Our proof holds for any instance
that satisfies the axioms the proof is conducted in. This means Bor̊uvka’s MST
algorithm is correct for various related MST problems.
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