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Abstract. Partial, total and general correctness and further models of
sequential computations differ in their treatment of finite, infinite and
aborting executions. Algebras structure this diversity of models to avoid
the repeated development of similar theories and to clarify their range of
application. We introduce algebras that uniformly describe correctness
statements, correctness calculi, pre-post specifications and loop refine-
ment rules in five kinds of computation models. This extends previous
work that unifies iteration, recursion and program transformations for
some of these models. Our new description includes a relativised domain
operation, which ignores parts of a computation, and represents bound
functions for claims of termination by sequences of tests. We verify all
results in Isabelle heavily using its automated theorem provers.

1 Introduction

Sequential computations have many different models with varying degrees of
precision as regards their ability to distinguish finite, infinite and aborting exe-
cutions (which terminate due to an error; ‘finite’ means ‘normally terminating’).
Partial correctness models [23, 10, 29, 33] ignore infinite and aborting executions,
general correctness models [2, 4, 27, 3, 38, 11, 34, 32, 13] represent but do not dis-
tinguish infinite and aborting executions, and total correctness models [10, 25, 39,
7, 31, 18] ignore finite executions in the presence of infinite and aborting ones. Yet
other models ignore finite and infinite executions when aborting ones are present
[22, 17] or represent finite, infinite and aborting executions independently [16].

Having a variety of models is useful: better precision is not always desired
as it entails more details (which might be unnecessary or distracting for some
applications) and typically a more complex theory (which might hinder compre-
hension or automation). However, this diversity of models should be structured
to avoid the repeated development of similar theories for similar models, to im-
prove our understanding of their connections and characterising properties and
to encourage a systematic exploration with an eye to discovering new models.

Algebra provides the required structure. Key aspects of the models, such as
the semantics of iteration or the infinite executions of a computation, are de-
scribed by operations and axioms which are general enough to capture various
computation models, yet powerful enough for the derivation of results known
from particular models. These results are then recognised to hold in all mod-
els satisfying the common axioms. Examples include complex program trans-
formations, separation rules and refinement laws, for which one common proof



establishes validity across several models [14, 17, 16]. Individual models are char-
acterised by adding specific axioms to the common ones. Moreover, the axioms
are suited to support by automated theorem provers and SMT solvers [19, 16].

The present paper extends this unifying approach to correctness statements
and their calculi. Correctness statements similar to Hoare triples claim that a
computation has only restricted kinds of executions, for example, that there are
no aborting executions or that all finite executions end in a given set of states.
Clearly, such guarantees can be given only in a computation model which is pre-
cise enough to talk about the kinds of executions involved. But in general there
are several computation models capable of expressing a particular statement. At
the level of concrete models, we therefore distinguish between the computation
models and the kinds of correctness statements each supports. At the algebraic
level, our approach is unifying in both dimensions: one statement applies in
various models to various correctness claims.

We give a propositional correctness calculus for the unified correctness state-
ments and show its soundness and completeness. The latter presumes bound-
edly non-deterministic programs. The calculus, too, unifies different computation
models and correctness claims. We furthermore extend our unifying approach to
pre-post specifications and loop refinement rules useful for program construction.
Innovations which facilitate our development are a relativised domain operation
and the representation of bound functions by sequences of tests.

Thus the contributions of the present paper are as follows:

– A generalisation of domain semirings [8, 9]: the new operation uniformly
describes the domain of a part of a computation, such as its aborting, infinite
or finite executions or combinations thereof. This is a form of relativisation:
the operation gives the domain up to certain executions which are ignored.
Technically, an element Z is singled out and the domain axioms are relaxed
so as to ignore parts of elements contained in Z. Most of the theory of domain
and antidomain semirings is relativised this way, including modal semirings
with their diamond and box operators.

– An algebraic description of termination arguments known, for example, from
the total correctness while-loop rule of the Hoare calculus. This is done by
capturing the loop variant or bound function by a sequence of tests.

– An extension of algebraic accounts of correctness statements and their calculi
[29, 33, 34, 13, 14, 19], which unifies existing propositional Hoare calculi in
two ways. First, it applies to several computation models, which vary in their
ability to describe aborting and infinite executions. Second, for each model, it
applies to several kinds of correctness statements, which vary in their claims
about aborting, infinite and finite executions or combinations thereof, up to
the precision allowed by the model. In particular, this uniformly describes
claims of partial, total and general correctness.

– An algebraic description of pre-post specifications and loop refinement rules
based on the above correctness statements. This generalises previous works
[39, 12–14] again by uniformly applying to several computation models and
several kinds of correctness claims.



Together they achieve the main contribution: a framework that unifies correct-
ness reasoning for various computation models and correctness claims.

All results are verified in Isabelle making heavy use of its integrated auto-
mated theorem provers. The proofs can be found in the theory files, which are
available at http://www.uni-ulm.de/en/in/pm/staff/guttmann/algebra/.

We deal with computation models at various levels of abstraction. Concrete
models appear in the literature, for example, in terms of relations over extended
state spaces, predicates or predicate transformers. In Section 2 we describe a
number of these models in a uniform setting, namely matrices of relations, and
discuss the different kinds of correctness statements they feature. Abstracting
from the matrix representation, in Section 3 we introduce relative domain semi-
rings, which allow us to express the correctness statements in a uniform way.
At the same level we express iteration in Section 4. Finally, in Section 5 we
axiomatise properties of preconditions and while-programs, based on which we
introduce the unified correctness calculus, pre-post specifications and loop re-
finement laws.

2 Models

This section gives an overview of the models and various kinds of correctness
statements which will be algebraically captured in the remainder of this paper.
We distinguish between the computation models and the correctness statements
applicable for each model. The models vary according to precision as regards
their ability to describe infinite and aborting executions in addition to finite
ones. Each model may support different kinds of correctness statements about
the executions of a computation limited by its precision.

All of the following models describe sequential, non-deterministic computa-
tions and are based on relations over a state space given by the possible values
of program variables. The program

R = (while x ≤ 1 do x := x/x)

is our running example. Its variable x has values in N and x/x is integer division.
Execution of R leaves x unchanged unless x = 1, in which case the execution does
not terminate, or x = 0, in which case it aborts due to division by zero. However,
not all computation models can represent aborting or infinite executions.

2.1 Partial Correctness

In the first model, the program R is a binary relation over the state space N. A
pair (x, x′) in R specifies that there is an execution of R which starts in state x
and terminates in x′. Hence

R = {(x, x) | x ≥ 2}

comprises the finite executions of the program. Because it is deterministic, R is a
partial function; in general there may be more than one final state x′ related to a



single initial state x. This simple model has no provision for representing aborting
or infinite executions. The partiality of R indicates ‘missing’ finite executions,
but is otherwise unrelated to the presence of aborting or infinite executions; see
also [38].

Therefore the typical correctness claim in this model is about partial correct-
ness. For conditions or sets of states p and q, the Hoare triple p{R}q expresses
that every execution of R which starts in a state in p and terminates normally,
does so in a state in q. This triple claims nothing about infinite or aborting
executions.

The Hoare triple p{R}q is algebraically formalised by p ·R ·q′ ≤ 0 using tests
p and q [29]. Tests correspond to subsets of the identity relation and act as filters
in a sequential composition. The test q′ is the complement of q, the operation ·
is relational composition, ≤ is subset and 0 is the empty relation. According to
the inequality there is no execution in R which starts in p and ends in a state
not in q.

2.2 Total Correctness

The second model augments the above relational model to represent executions
that do not terminate normally [31, 18]. It is an abstraction of the ‘designs’ of
the Unifying Theories of Programming [25]. The program R is a 2 × 2 matrix
whose entries are relations over N, namely

R =
(
> >
W X

)
,

W = {(x, x′) | x ≤ 1}
X = {(x, x) | x ≥ 2} ∪W

For every program in this model, both entries in the top row are the universal
relation > = N ×N. They are chosen so as to appropriately propagate the in-
formation captured in W through a sequential composition. Subsequent models
feature matrices with other combinations of 0 and > entries providing a charac-
teristic, constant structure for each model.

The entry W represents the states from which executions exist that do not
terminate normally. It is a vector, that is, a relation in which every state is related
either to all states or to none, and therefore corresponds to a set of states. No
distinction is made between infinite and aborting executions: (x, x′) ∈W means
that there is an execution starting in x which does not terminate normally.

The entry X represents the finite executions of the program with the pro-
viso W ⊆ X. This requirement leads to a demonic non-deterministic choice: for
example, the endless loop is the matrix with four > entries, which is an annihi-
lator of the non-deterministic choice given by componentwise union. Because of
this, computations with both finite and infinite or aborting executions starting
in the same state cannot be represented properly. For example, consider R+ skip
using the non-deterministic choice + and the program skip that does not change
the state. The matrix representation of skip has the empty relation as W and
the identity relation as X. In the initial state x = 1 there is both an infinite
and a finite execution in the computation R + skip, but in the current model
R = R+ skip. Thus the finite execution of skip is ignored in the presence of R.



This model supports total correctness claims. The Hoare triple p{R}q now
expresses that every execution of R which starts in p terminates normally in q.
Again this is formalised by p ·R · q′ ≤ 0 [39]. The order ≤ is the subset relation
lifted componentwise to matrices. The test p is represented just as a program by
a 2 × 2 matrix of the above form, using W = 0 and a subset U of the identity
relation as X; a similar representation is used for the test q′. The computation 0
with no executions is represented by a matrix with W = X = 0. The relational
operations are lifted to matrices in the standard way, so that p · R · q′ ≤ 0
elaborates as(

> >
0 U

)
·
(
> >
W X

)
·
(
> >
0 Y ′

)
=
(
> >
UW UW+UXY ′

)
≤
(
> >
0 0

)
which is equivalent to UW ⊆ 0 ∧ UXY ′ ⊆ 0. As here, we frequently omit the
operator · for relational composition, and we contrast ⊆ on the components with
its lifted counterpart ≤. The first term UW ⊆ 0 expresses that all executions
starting in p terminate normally. The second term UXY ′ ⊆ 0 claims partial
correctness: no execution starting in p terminates in q′. Their conjunction holds,
for example, using U = {(x, x) | 2 ≤ x ≤ 5} and Y = {(x, x) | x ≤ 5}.

However, partial correctness cannot be claimed alone. In particular, the ‘weak
correctness’ claim p ·R = p ·R · q of [39] reduces to UXY ′ ⊆ UW . This expresses
that no execution starting in a state in p terminates in q′, provided all executions
starting in the same state terminate normally (whence UW = 0).

2.3 General Correctness

The third model removes the restriction imposed by the previous one, so that
finite executions can be represented independently of executions which do not
terminate normally [31, 13]. It is an abstraction of the ‘prescriptions’ of the Uni-
fying Theories of Programming [11]. The independence is achieved by modifying
the structure of the 2× 2 matrices. The program R becomes

R =
(
> 0
W X

)
,

W = {(x, x′) | x ≤ 1}
X = {(x, x) | x ≥ 2}

Now the top-right entry is the empty relation 0 instead of > and the restriction
W ⊆ X is abandoned. Otherwise the interpretations of W and X remain as in
the total correctness model. In the current model, R 6= R + skip and R + skip
has precisely the two expected executions starting in the state x = 1. Still there
is no distinction between infinite and aborting executions.

This model supports both partial and total correctness claims, and is typi-
cally called ‘general correctness’ [27]. First, observe that(

> 0
0 U

)
·
(
> 0
W X

)
·
(
> 0
0 Y ′

)
=
(
> 0
UW UXY ′

)
≤
(
> 0
> 0

)
is equivalent to the partial correctness claim UXY ′ ⊆ 0. The matrix on the
right-hand side of the inequality represents the program loop which has only



infinite executions. On the level of programs the partial correctness claim is thus
formalised by p · R · q′ ≤ loop [13]. This is equivalent to p · R = p · R · q in the
current model. Second, set Y ′ = 0 and observe that(

> 0
0 U

)
·
(
> 0
W X

)
·
(
> 0
0 0

)
=
(
> 0
UW 0

)
≤
(
> 0
0 0

)
is equivalent to UW ⊆ 0, which expresses that all executions starting in p ter-
minate normally. On the level of programs this is formalised by p ·R · 0 ≤ 0.

The conjunction of the two inequalities amounts to a total correctness claim,
but it is not required to use the same precondition p in both inequalities. This
makes it possible to state claims about termination independently from claims
about finite executions. For example, for the computation R + skip the partial
correctness claim holds using U = Y = {(x, x) | x ≤ 5} and the claim about
normal termination holds using U = {(x, x) | x ≥ 2}.

2.4 Extended Designs

The fourth model called ‘extended designs’ distinguishes aborting and infinite
executions [22, 17]. In this model the program R is the 3× 3 matrix

R =

> > >0 > 0
V W X

, V = {(x, x′) | x = 0}
W = {(x, x′) | x = 1} ∪ V
X = {(x, x) | x ≥ 2} ∪ V

The extra row/column stores the main extension with respect to the previously
discussed models, namely the entry V which is a vector similar to W . The
vector V represents the states from which aborting executions exist, while W
analogously represents the infinite executions. Like designs, extended designs
make the restrictions V ⊆ W and V ⊆ X. Because of them, in the presence of
an aborting execution there is no way to distinguish finite or infinite executions.
For example, consider the program S = (if x = 1 then loop else skip). In the
current model R = R + S and the finite execution of S in the state x = 0 is
ignored in the presence of R.

Several kinds of correctness claims are possible in this model. For the first,
observe that V ⊆W implies UV ⊆ UW and therefore> > >0 > 0

0 0 U

 ·
> > >0 > 0
V W X

 ·
> > >0 > 0

0 0 Y ′

 =

 > > >
0 > 0
UV UW UV+UXY ′

 ≤
> > >0 > 0

0 0 0


is equivalent to UW ⊆ 0 ∧ UXY ′ ⊆ 0. Hence p · R · q′ ≤ 0 formalises a total
correctness claim, namely that all executions starting in p terminate in q. In
particular, no infinite executions start in p and therefore also no aborting ones.
Another correctness claim is obtained by> > >0 > 0

0 0 U

 ·
> > >0 > 0
V W X

 ·
> > >0 > 0

0 0 Y ′

 =

 > > >
0 > 0
UV UW UV+UXY ′

 ≤
> > >0 > 0

0 > 0





which is equivalent to UV ⊆ 0 ∧ UXY ′ ⊆ 0. The matrix on the right-hand side
of the inequality represents loop in this model. Hence the claim is formalised
by p · R · q′ ≤ loop and expresses that no aborting executions start in p and
all finite executions starting there end in q. It states nothing about the infinite
executions.

Two further claims are obtained by setting Y ′ = 0 again. First, p ·R · 0 ≤ 0
expresses that no infinite and therefore no aborting executions start in p. Second,
p · R · 0 ≤ loop expresses that no aborting executions start in p. It is thus
possible to make statements about aborting and infinite executions, but partial
correctness cannot be claimed alone. In particular, p · R = p · R · q reduces
to UXY ′ ⊆ UV , which expresses that no execution starting in a state in p
terminates in q′, provided no execution starting in the same state aborts.

2.5 Finite, Infinite and Aborting Executions

The fifth model treats finite, infinite and aborting executions independently [16].
The independence is achieved by modifying the structure of the 3 × 3 matrices
of extended designs. The program R becomes

R =

> 0 0
0 > 0
V W X

, V = {(x, x′) | x = 0}
W = {(x, x′) | x = 1}
X = {(x, x) | x ≥ 2}

Now the second and third entries in the top row are the empty relation 0 instead
of > and the restrictions V ⊆ W and V ⊆ X are abandoned. Otherwise the
interpretations of V , W and X remain as for extended designs. In the current
model, R 6= R + S using S = (if x = 1 then loop else skip) again. Moreover, the
computation R + S has an aborting and a finite execution starting in the state
x = 0, and the computation R+ S + loop additionally has an infinite one. Thus
finite, infinite and aborting executions may occur independently.

Claims about finite, infinite and aborting executions can be stated indepen-
dently, too (see [20] for a derivation from different execution methods based on
computation trees). Observe that> 0 0

0 > 0
0 0 U

 ·
> 0 0

0 > 0
V W X

 ·
> 0 0

0 > 0
0 0 Y ′

 =

 > 0 0
0 > 0
UV UW UXY ′

 .

An inequality may be formed with either 0, loop, abort or loop + abort on the
right-hand side, where the computations 0, loop and abort are represented by
the matrices

0 =

> 0 0
0 > 0
0 0 0

, loop =

> 0 0
0 > 0
0 > 0

, abort =

> 0 0
0 > 0
> 0 0

.



Using p · R · q′ or p · R · 0 on the left-hand side, we obtain the following seven
kinds of claims:

(7) p ·R · q′ ≤ 0 ⇔ UV ⊆ 0 ∧ UW ⊆ 0 ∧ UXY ′ ⊆ 0
(6) p ·R · q′ ≤ abort ⇔ UW ⊆ 0 ∧ UXY ′ ⊆ 0
(5) p ·R · q′ ≤ loop ⇔ UV ⊆ 0 ∧ UXY ′ ⊆ 0
(4) p ·R · q′ ≤ loop + abort⇔ UXY ′ ⊆ 0
(3) p ·R · 0 ≤ 0 ⇔ UV ⊆ 0 ∧ UW ⊆ 0
(2) p ·R · 0 ≤ abort ⇔ UW ⊆ 0
(1) p ·R · 0 ≤ loop ⇔ UV ⊆ 0

Of particular interest are claims (1), (2) and (4) since the other ones are obtained
as their conjunctions. Claim (1) expresses the absence of aborting executions
from states in p, and claim (2) expresses the absence of infinite executions. Claim
(4) is partial correctness and equivalent to p ·R = p ·R · q in the current model.
For another example, the total correctness claim (6) expresses the absence of
infinite executions in addition to partial correctness.

2.6 Summary

We have discussed five computation models that vary in the precision with which
they can describe finite, infinite and aborting executions. These models support
various kinds of correctness claims limited by their precision. Most claims take
the form p ·R ·q′ ≤ Z for a constant Z depending on the model. The computation
Z is either 0, loop, abort or loop + abort. The test p is the precondition, and the
test q′ is the complement of the postcondition or 0 if nothing is claimed about
finite executions.

In the following we give a uniform algebraic description of all of these models
and all of these correctness statements.

3 Relative Domain Semirings

Correctness statements in our models have the form p ·R · q′ ≤ Z for a constant
Z. In the partial and total correctness models Z = 0 holds, and claims of this
special form p · R · q′ ≤ 0 are well known in semirings with tests [29] or with a
domain operation [8, 33]. In this section we generalise domain semirings to be
able to encode claims of the form p ·R · q′ ≤ Z for various values of Z.

3.1 Relative Domain

In relational computation models the domain d(x) of the computation x is a
test representing the set of states from which x has executions. Its Boolean
complement, the antidomain a(x), represents the set of states from which x has
no executions. These operations satisfy the characteristic properties

x ≤ d(y) · x⇔ d(x) ≤ d(y)
a(y) · x ≤ 0⇔ a(y) ≤ a(x)



which are at the centre of our generalisation. By Boolean algebra d(x) ≤ d(y)
holds if and only if a(y) ≤ a(x) does. According to the first equivalence, d(x) is
the least test p such that x ≤ p·x, that is, all executions of x start in p. According
to the second equivalence, a(x) is the greatest test p such that p · x ≤ 0, that is,
x to has no executions starting in p. We generalise these properties as follows:

x ≤ d(y) · x+ Z⇔ d(x) ≤ d(y)
a(y) · x ≤ Z⇔ a(y) ≤ a(x)

Hence d(x) is the least test p such that all executions of x start in p, except
those executions that are in Z. This means that the executions of x that are in Z
are ignored in the calculation of the domain. Similarly, a(x) is the greatest test
p such that x has no executions starting in p, except perhaps executions in Z.
Setting Z = 0 gives the characterisations of the usual domain and antidomain
operations.

In the following we axiomatise the domain and antidomain operations relative
to an element Z, which captures executions that are to be ignored. First, an
idempotent semiring without right zero – simply called semiring in the remainder
of this paper – is an algebraic structure (S,+, ·, 0, 1) satisfying the axioms

x+ (y + z) = (x+ y) + z x(y + z) = xy + xz x(yz) = (xy)z
x+ y = y + x (x+ y)z = xz + yz 1x = x
x+ x = x 0x = 0 x1 = x
0 + x = x

where x · y is conventionally abbreviated as xy. In particular, the operation + is
idempotent and x0 = 0 is not an axiom. The semilattice order x ≤ y ⇔ x+y = y
has least element 0, least upper bound + and isotone operations + and ·. A
semiring is bounded if it has a greatest element > satisfying x+> = >.

In computation models, the operation + represents non-deterministic choice,
the operation · sequential composition, 0 the computation with no executions,
1 the program which does not change the state, > the computation with all
possible executions, and ≤ the refinement relation. All computation models of
Section 2 are semirings, and most of them do not satisfy the law x0 = 0.

A relative domain semiring is an algebraic structure (S,+, ·, d, 0, 1,Z) such
that the reduct (S,+, ·, 0, 1) is a semiring and the axioms

d(Z) = 0 d(x+ y) = d(x) + d(y) x ≤ d(x)x+ Z
d(x) ≤ 1 d(d(x)y) = d(x)d(y) d(xy) = d(xd(y))

are satisfied. Counterexamples generated by Mace4 show that none of these
axioms follows from the remaining ones and the semiring axioms. Setting Z = 0
gives the domain semiring axioms of [9], in which case d(d(x)y) = d(x)d(y)
follows from the remaining axioms.

Theorem 1. Let S be a relative domain semiring and x, y ∈ S. Then

– (d(S),+, ·, 0, d(1)) is a bounded distributive lattice,



– d is isotone,
– d(0) = 0,
– d(d(x)) = d(x),
– d(xy) ≤ d(x) ≤ d(1),
– Zx ≤ Z,
– x+ Z = d(x)x+ Z,
– d(x) = 0⇔ x ≤ Z,
– xy ≤ Z⇔ xd(y) ≤ Z,
– x ≤ d(y)x+ Z⇔ d(x) ≤ d(y).

In particular, 1+Z = d(1)+Z holds, but d(1) = 1 does not hold in general. Each
computation model of Section 2 is a relative domain semiring where Z is any
one of the values 0, loop, abort or loop + abort available in the model. In these
models the relative domain d(x) is given by first omitting the executions of x
that are in Z and then taking the usual domain. The element Z cannot be chosen
arbitrarily; for example, Z = 1 implies d(x) ≤ d(1) = d(Z) = 0 and therefore
x ≤ d(x)x+ Z = 1 which does not hold in any model given in Section 2.

A relative antidomain semiring is an algebraic structure (S,+, ·, a, d, 0, 1,Z)
such that the reduct (S,+, ·, 0, 1) is a semiring, d(x) = a(a(x)) and the axioms

a(Z) = 1 a(x+ y) = a(x)a(y) a(x)x ≤ Z
a(x)d(x) = 0 a(d(x)y) = a(x) + a(y) a(xy) = a(xd(y))

are satisfied. Counterexamples generated by Mace4 show that none of these
axioms follows from the remaining ones and the semiring axioms. Setting Z = 0
gives axioms which are equivalent to the antidomain axioms of Boolean domain
semirings [9].

Theorem 2. Let S be a relative antidomain semiring and x, y, z ∈ S. Then

– (S,+, ·, d, 0, 1,Z) is a relative domain semiring,
– (a(S),+, ·, a, 0, 1) is a Boolean algebra with complement a,
– a(S) = d(S),
– d(a(x)) = a(d(x)) = a(x),
– a(x) ≤ a(xy),
– a(x) = 1⇔ x ≤ Z,
– d(x)y ≤ z ⇔ d(x)y ≤ d(x)z,
– x ≤ y + Z⇔ x ≤ d(x)y + Z,
– ya(z) ≤ a(x)y ⇔ ya(z) = a(x)ya(z)⇔ d(x)ya(z) = 0,
– d(x)y ≤ yd(z)⇔ d(x)y = d(x)yd(z)⇔ d(x)ya(z) = d(x)y0⇔
d(x)ya(z) ≤ y0,

– a(y)x ≤ Z⇔ a(y) ≤ a(x).

In particular, a is antitone, a(1) = 0 and d(1) = a(0) = 1. Using the Boolean
complement of the relative domain, each computation model of Section 2 is a rela-
tive antidomain semiring where Z is any of the values 0, loop, abort or loop+abort
available in the model and different from >. We can therefore represent tests and
their Boolean complements by domain elements d(x) and their antidomain a(x).
The correctness claim p·R·q′ ≤ Z is thus expressed as d(x)ya(z) ≤ Z in a relative
antidomain semiring. By Theorem 2 this is equivalent to d(x) ≤ a(ya(z)).



3.2 Relative Modal Operators

Domain and antidomain semirings give rise to modal diamond and box operators.
We generalise them to relative (anti)domain semirings.

In a relative domain semiring the binary diamond operator is defined by
|x〉y = d(xy), which is the same as d(xd(y)). This means that its second argu-
ment is effectively a test p, and |x〉p represents the states from which there is
an execution of x that is not in Z and that terminates in p if it terminates nor-
mally. In particular, |x〉p contains the starting states of all infinite and aborting
executions of x if Z = 0, but these executions are filtered out if Z = loop+ abort.
The diamond operator satisfies many properties known from the unrelativised
setting.

Theorem 3. Let S be a relative domain semiring and x, y, z ∈ S and p, q ∈
d(S). Then

– |·〉· is isotone,
– |x+ y〉z = |x〉z + |y〉z,
– |x〉y + z = |x〉y + |x〉z,
– |xy〉z = |x〉(yz) = |x〉|y〉z,
– |x〉(pq) = |x〉p · |x〉q,
– |px〉y = p|x〉y,
– p|x〉q ≤ Z⇔ pxq ≤ Z,
– |x〉q ≤ p⇔ xq ≤ px+ Z.

In a relative antidomain semiring the dual box operator is defined by |x]y =
a(xa(y)). Again its second argument is effectively a test p, and |x]p represents
the states from which all executions are in Z or terminate in p. Also the box
operator satisfies many properties known from the unrelativised setting.

Theorem 4. Let S be a relative antidomain semiring and x, y, z ∈ S and p, q ∈
d(S). Then

– |x]y = a(|x〉a(y)),
– |x〉y = a(|x]a(y)),
– |x]· is isotone,
– |·]x is antitone,
– |x+ y]z = |x]z · |y]z,
– |xy]z = |x]|y]z,
– |x](pq) = |x]p · |x]q,
– |px]y = a(p) + |x]y,
– |x〉q ≤ p⇔ a(p)xq ≤ Z,
– p ≤ |x]q ⇔ pxa(q) ≤ Z⇒ px ≤ xq + Z.

Consequently, the correctness claim p · x · q′ ≤ Z with tests p and q is formalised
by p ≤ |x]q.

It is known that the box operator corresponds to wlp in partial correctness
models [33] and to wp in general correctness [34] and total correctness models
[31]. These cases are captured by using Z = 0 in our setting. We furthermore
find that



– with Z = 0 box corresponds to a variant of wp, which avoids aborting exe-
cutions in addition to infinite ones, for extended designs and the model of
Section 2.5,

– with Z = loop box corresponds to wlp in general correctness models, and to
a variant of wlp, which avoids aborting executions, for extended designs and
the model of Section 2.5,

– with Z = abort box corresponds to wp in the model of Section 2.5,
– with Z = loop + abort box corresponds to wlp in the model of Section 2.5.

Similar variants of wp are observed in [20, 21] and related to different execution
methods without a unified treatment; see [37] for variants of wlp.

4 Iteration

In this section we give axioms for operations that describe iteration in various
computation models. They facilitate a unified semantics of while-programs as
we show in Section 5.3.

A Kleene algebra [28] is a semiring expanded by an operation ∗ satisfying the
axioms

1 + yy∗ ≤ y∗ z + yx ≤ x⇒ y∗z ≤ x
1 + y∗y ≤ y∗ z + xy ≤ x⇒ zy∗ ≤ x

It follows that y∗z is the least fixpoint of λx.yx + z and that zy∗ is the least
fixpoint of λx.xy + z. The Kleene star describes finite iteration, but is not ap-
propriate for models with infinite executions which require other fixpoints. We
therefore use the following, more general structure.

An itering [16] is a semiring expanded by an operation ◦ satisfying the axioms

(x+ y)◦ = (x◦y)◦x◦ zx ≤ yy◦z + w ⇒ zx◦ ≤ y◦(z + wx◦)
(xy)◦ = 1 + x(yx)◦y xz ≤ zy◦ + w ⇒ x◦z ≤ (z + x◦w)y◦

The equations are the sumstar and productstar axioms of [6]. The other two
axioms generalise simulation properties such as zx ≤ yz ⇒ zx◦ ≤ y◦z, which is
known in Kleene algebra and omega algebra [5]. Its dual xz ≤ zy ⇒ x◦z ≤ zy◦

holds in Kleene algebras, but not in other target models, whence we weaken its
consequent. Properties of the operation ◦ are shown in the following result.

Theorem 5. Let S be an itering and x, y, z ∈ S. Then ◦ is isotone and

– 0◦ = 1 ≤ (x0)◦ = 1 + x0 ≤ x◦,
– x◦ = x◦x◦ = (x◦x)◦ = 1 + xx◦ = 1 + x◦x,
– x ≤ xx◦ = x◦x ≤ x◦,
– x◦ ≤ x◦1◦ = 1◦x◦ = (1 + x)◦ = x◦◦ = x◦◦◦,
– x◦y◦ ≤ (x+ y)◦ ≤ (x◦y◦)◦ = (y◦x◦)◦ = x◦(y◦x◦)◦,
– (yx◦)◦ = y◦ + y◦yxx◦(yx◦)◦ = (yy◦x◦)◦,
– x(yx)◦ = (xy)◦x.

Moreover, y◦z is a fixpoint of λx.yx+ z and zy◦ is a fixpoint of λx.xy + z.



The following result gives six models of iterings which cover all computation
models of Section 2 [16].

Theorem 6. Iterings have the following models:

1. Every Kleene algebra is an itering using x◦ = x∗.
2. Every omega algebra [5] is an itering using x◦ = xω0 + x∗.
3. Every omega algebra with >x = > is an itering using x◦ = xω + x∗.
4. Every demonic refinement algebra [39] is an itering using x◦ = xω.
5. Extended designs [22, 17] form an itering using x◦ = d(xω)loop + x∗.
6. The model of Section 2.5 forms an itering using x◦ = n(xω)loop +x∗, where

n(x) captures the infinite executions of x as a test [16].

A modal itering is a structure (S,+, ·, a, d, ∗, ◦, 0, 1,Z) such that the reduct
(S,+, ·, a, d, 0, 1,Z) is a relative antidomain semiring, the reduct (S,+, ·, ∗, 0, 1)
is a Kleene algebra and the reduct (S,+, ·, ◦, 0, 1) is an itering. The operations ∗

and ◦ may be identical as in Kleene algebras or different as in the other models.

5 Correctness Statements

The box operator of Section 3.2 expresses various kinds of preconditions de-
pending on the model and the value of the constant Z. In this section we give
an axiomatic description of such preconditions suitable, in particular, for total
correctness claims. This extends our previous work on preconditions for partial
correctness [19]. We then use the preconditions to obtain a correctness calculus,
pre-post specifications and loop refinement rules, all of which uniformly apply
to the computation models and correctness statements of Section 2.

5.1 Tests

Preconditions are represented as tests, which we introduce first. A test algebra
[19, 16] is a structure (S, ·,′ ) satisfying the axioms

x′(y′z′) = (x′y′)z′ x′ = (x′′y′)′(x′′y′′)′

x′y′ = y′x′ x′y′ = (x′y′)′′

They are derived from Huntington’s axioms and make S′ = {x′ | x ∈ S} a
Boolean algebra with meet ·, complement ′, order x′ ≤ y′ ⇔ x′y′ = x′, least
element 0 = x′x′′ for any x, and greatest element 1 = 0′. The operation x′+y′ =
(x′′y′′)′ is the join in S′. The extension (S,+, ·,′ , 0, 1) is also called a test algebra;
elements of S′ are tests. This axiomatisation imposes fewer constraints than
antidomain semirings, which induce tests as the following result shows, without
introducing a separate sort for tests.

Theorem 7. Let S be a relative antidomain semiring. Then (S,+, ·, a, 0, 1) is a
test algebra with S′ = d(S).

A test algebra is complete if S′ is a complete Boolean algebra. Then every
set of tests has a supremum in S′ and the meet operation · on S′ distributes
over suprema.



5.2 Preconditions

A precondition algebra (S, ·,«,′ ) is a test algebra (S, ·,′ ) expanded with a binary
operation « satisfying the axioms

x«q = (x«q)′′ xy«q = x«(y«q)
p«q = (pq′)′ x«pq = (x«p)(x«q)

for x, y ∈ S and p, q ∈ S′.
The first axiom states that the result of « is a test, making « an operation

which takes an element and a test and yields a test. The axiom p«q = (pq′)′ =
p′ + q reduces the precondition of tests to an implication; it is slightly stronger
than our original in [19]. The remaining axioms express the effect of « on the
sequential composition of elements and the conjunction of postconditions.

Theorem 8. Let S be a precondition algebra and x, y ∈ S and p, q, r ∈ S′. Then

– x«· is isotone,
– p(x«q) = p(px«q),
– px«q = p′ + (x«q),
– xp«q = xp«pq,
– p(p«q) = pq,
– p′(p«q) = p′,
– 0«q = 1,
– 1«q = q,
– xy«1 ≤ x«1,
– x«q ≤ x«1 ≤ 1,
– p ≤ x«q ∧ q ≤ y«r ⇒ p ≤ xy«r.

As the following result shows, the box operator expresses preconditions. Thus
wp, wlp and their variants discussed in Section 3.2 are instances of «.

Theorem 9. Let S be a relative antidomain semiring and x, y ∈ S and p, q ∈
d(S). Then S is a precondition algebra with x«q = |x]q. Moreover,

– (x+ y)«q = (x«q) · (y«q),
– ·«q is antitone,
– (x«q)x+ Z = (x«q)xq + Z,
– (x«q)xq′ ≤ Z,
– p ≤ x«q ⇔ pxq′ ≤ Z,
– x«1 = 1⇔ x0 ≤ Z.

In a complete precondition algebra S, the progressively bounded states of an
element x ∈ S are given by b(x) = sup{xn«0 | n ∈ N}. The test b(x) describes
the states which have an upper bound on the lengths of the emerging x-transition
paths. This means that for every state in b(x) there is a bound n such that x can
be iterated at most n times starting from the state; the bound n may depend
on the state.

This should be contrasted with the progressively finite states characterised,
for example, by the convergence operation of [34]. These require the absence of
infinite transition paths without giving bounds on the lengths of finite paths,
and coincide with the progressively bounded states for deterministic programs.



5.3 While-Programs

A while algebra (S,��, ·,«, ?,′ ) is a precondition algebra (S, ·,«,′ ) expanded
with a ternary operation �� and a binary operation ? satisfying the axioms

(x� p� y)«q = p(x«q) + p′(y«q)
(p ? x)«q = (x(p ? x) � p� 1)«q

for x, y ∈ S and p, q ∈ S′. The element x � p � y represents the conditional
statement if p then x else y and the corresponding axiom characterises the two
branches under a postcondition; see [24, 26] for more comprehensive axioma-
tisations. The element p ? x represents the while loop while p do x and the
corresponding axiom describes its fixpoint unfolding, again under a postcondi-
tion. Both axioms are equations of tests, weakening our original axioms in [19].
As we show below, they hold in a wide range of computation models.

Theorem 10. Let S be a while algebra and x, y ∈ S and p, q, r ∈ S′. Then

– p((x� p� y)«q) = p(x«q),
– p′((x� p� y)«q) = p′(y«q),
– pq ≤ x«r ∧ p′q ≤ y«r ⇒ q ≤ (x� p� y)«r,
– p((p ? x)«q) = p(x«(p ? x)q),
– p′((p ? x)«q) = p′q,
– p′ ≤ (p ? x)«p′ ≤ (p ? x)«1,
– q ≤ (p ? x)«1⇔ pq ≤ (p ? x)«1.

In Section 5.4, the test ` = (1 ? 1)«1 helps us to treat total correctness claims
and claims which do not involve termination in a uniform way. The element 1?1
represents the endless loop while true do skip. It establishes the postcondition true
if and only if the infinite executions are ignored. Claims which do not involve
termination are thus obtained in instances with ` = 1, whereas instances with
` = 0 yield total correctness. In particular, a convenient way to obtain partial
correctness is to add the axiom x«1 = 1, a characteristic property of wlp [10].

As the following result shows, the operations �� and ? can be defined in
modal iterings, hence in all models given in Section 2. This gives a unified se-
mantics of while-programs.

Theorem 11. Let S be a modal itering and x, y ∈ S and p ∈ d(S). Then S is
a while algebra with x� p� y = px+ a(p)y and p ? x = (px)◦a(p). In particular,
` = a(1◦0).

Consider a while algebra S, a subset A ⊆ S of atomic programs and a subset
T ⊆ S′ of atomic tests. We assume that 1 ∈ A and 0 ∈ T , that is, skip is an
atomic program and false is an atomic test. There are no further requirements
on A and T ; in concrete models they typically contain basic statements such as
assignments and basic conditions.

Test expressions are constructed from atomic tests by the operations ′ for
negation and · for conjunction. Hence they are tests and closed under 0, 1,



finite sums and finite products. While-programs are constructed from atomic
programs and test expressions by the operations · for sequential composition,
�� for conditionals and ? for while loops. Hence they are closed under 1 and
finite products. Assertions are test expressions extended by preconditions; they
are constructed from test expressions and while-programs by the operations ′

for negation, · for conjunction and « for preconditions. Hence they are tests and
closed under 0, 1, `, finite sums and finite products.

5.4 Correctness Calculus

A correctness algebra is a complete while algebra satisfying the additional axiom

pq ≤ x«q ⇒ q` ≤ (p ? x)«p′q

for x ∈ S and p, q ∈ S′. It expresses soundness of the partial correctness rule for
while loops in the correctness calculus.

A correctness statement p{x}q is composed of a while-program x and two
assertions p and q. The statement p{x}q is valid if and only if p ≤ x«q. Its mean-
ing depends on the model and the interpretation of the precondition operation
«. In some models, p ≤ x«q amounts to partial correctness, that is, all finite exe-
cutions of x starting in p establish the postcondition q. In other models, p ≤ x«q
amounts to total correctness, which additionally requires that all executions of x
starting in p are finite. In yet other models, p ≤ x«q requires that no execution
of x starting in p aborts.

To derive correctness statements, we use a calculus with the following rules,
for atomic program z, while-programs x and y, test expression p, assertions q,
r, s and t, and tests ti:

(atom)
z«q{z}q

(seq)
q{x}r r{y}s

q{xy}s

(cond)
pq{x}r p′q{y}r
q{x� p� y}r

(while)
pq{x}q q ≤ `+ t<∞ ∀n ∈ N : tnpq{x}`+ t<n

q{p ? x}p′q

(cons)
q ≤ r r{x}s s ≤ t

q{x}t

The rule for while loops is abstracted from the Hoare calculus for total correct-
ness [1]. The test t<n is defined by t<n = sup{ti | 0 ≤ i < n} for n ∈ N ∪ {∞}.
If ` = 0, the sequence of tests ti describes the bound function; each test tn rep-
resents a set of states from which the loop terminates after at most n iterations,
the inequality q ≤ `+t<∞ expresses that the bound is non-negative while the in-
variant q holds, and tnpq{x}`+ t<n expresses that every iteration decreases the



bound. If ` = 1, the premises simplify to pq{x}q, which expresses that the loop
invariant q is preserved by the loop body. The rule concludes that the invariant
is preserved by the while loop.

Theorem 12. The calculus is sound, that is, only valid correctness statements
can be derived. Let (p ? x)«1 ≤ ` + b(px) for every test expression p and while-
program x. Then the calculus is complete, that is, every valid correctness state-
ment can be derived.

The condition for completeness is satisfied if the body px of a while loop is
boundedly non-deterministic in total correctness models. Namely, (p ? x)«1 con-
tains the states from which the loop p ? x has only finite executions, and they
have to be among the progressively bounded states b(px) if ` = 0.

As usual, completeness is relative to having all true inequalities p ≤ q avail-
able in the calculus. The bound function ti = (px)i«0 is used in the completeness
proof. Termination after a given number of iterations is described by domain el-
ements in [18].

Our calculus unifies and generalises previous algebraic calculi for partial, to-
tal and general correctness [29, 33, 34, 13, 14, 19]. In particular, it applies to fur-
ther computation models and facilitates total correctness claims by algebraically
representing the bound function.

Example 13. We prove correctness of a program for integer division along the
lines of [1], namely

(q, r := 0, x) ; while (r ≥ y) do (q, r := q + 1, r − y)

with four variables q, r, x, y ranging over N. It computes the quotient q and the
remainder r of the division of x by y. Using tests p1, p2, p3, tn and assignments
z1, z2 defined by

p1 = (y > 0) p3 = (r ≥ y) z1 = (q, r := 0, x)
p2 = (x = q × y + r) tn = (r = n) z2 = (q, r := q + 1, r − y)

the program is abstractly expressed as z1(p3 ? z2) and the following correctness
statements hold:

– p1{z1}p1p2 since z1 does not affect y and r = 0× y + r holds,
– p3p1p2{z2}p1p2 since z2 does not affect y and x = q × y + r implies x =

(q + 1)× y + (r − y), and
– tnp1p3{z2}t<n for each n ∈ N since n = r ≥ y > 0 implies r−y = n−y < n;

more precisely, tn−y is established.

Furthermore t<∞ = 1, whence we derive

p1{z1}p1p2

p3p1p2{z2}p1p2 p1p2 ≤ `+ t<∞

∀n ∈ N : tnp1p3{z2}t<n

∀n ∈ N : tnp3p1p2{z2}`+ t<n

p1p2{p3 ? z2}p′3p1p2

p1{z1(p3 ? z2)}p′3p1p2

p1{z1(p3 ? z2)}p′3p2



using the loop invariant p1p2 and the bound function tn. Hence the precondition
y > 0 suffices to establish the postcondition x = q × y + r and r < y, by which
q is the quotient and r is the remainder of the division of x by y.

At the same time, this derivation establishes total correctness: the program
terminates when started in a state with y > 0. Moreover, it establishes that the
program does not abort when started in such a state. These consequences hold
because the assumed correctness statements and the derivation are valid in all
our computation models and for any Z ∈ {0, loop, abort, loop + abort} \ {>}.

The following result shows how to define correctness statements in modal
iterings subjected to two additional axioms.

Theorem 14. Let S be a modal itering – which is a test algebra, a precondition
algebra and a while algebra according to Theorems 7, 9 and 11 – such that the
test algebra is complete and

xZ ≤ x0 + Z |x∗]y ≤ |`x◦]y

for each x, y ∈ S. Then S is a correctness algebra. Moreover, the induction laws

p ≤ |x]p⇒ p ≤ |x∗]p
p ≤ |x]p⇒ `p ≤ |x◦]p

hold for x ∈ S and p ∈ d(S).

In particular, p{x}q is valid if and only if p ≤ |x]q. The axiom xZ ≤ x0 + Z
separates the executions of x in the composition xZ. All finite executions of x
reach Z; this part is subsumed by Z. The executions of x which do not reach Z
because they are infinite or abort are subsumed by x0. The axiom |x∗]p ≤ |`x◦]p
expresses that for claims not involving termination, whence ` = 1, iteration
reduces to finite iteration as infinite executions are ignored.

5.5 Pre-post Specifications

Consider the correctness statement p{x}q. For given x and q, the test x«q is the
greatest precondition that suffices to establish the postcondition q; all tests p
with p ≤ x«q are sufficient, too. Another viewpoint is obtained for given p and
q: the pre-post specification paq [30, 36, 35, 39] is the greatest computation for
which p suffices to establish q; all computations x with x ≤ paq satisfy p ≤ x«q as
well. Pre-post specifications can therefore be introduced by a Galois connection.

A pre-post algebra is an algebraic structure (S,+, ·,«,a,′ , 0, 1,>) such that
the reduct (S,+, ·, 0, 1,>) is a bounded semiring, the reduct (S,+, ·,«,′ , 0, 1) is
a precondition algebra, and the operation a satisfies

x ≤ paq ⇔ p ≤ x«q

for x ∈ S and p, q ∈ S′. This axiom is an order-reversing Galois connection
between S and S′.



Theorem 15. Let S be a pre-post algebra and x, y ∈ S and p, q, r, s ∈ S′. Then

– ·«q is antitone,
– ·aq is antitone,
– pa· is isotone,
– (x+ y)«q = (x«q) · (y«q),
– pqar = (par) + (qar),
– pa(q + r) = (paq) + (par),
– x ≤ (x«q)aq,
– p ≤ (paq)«q,
– (paq)r = (paqr)r = (pa(q + r′))r,
– r(paq) = r(rpaq) = r((r′ + p)aq),
– paq = (1aq) + p′>,
– p(paq) = p(1aq),
– p′(paq) = p′>,
– (1aq)«q = 1 ≤ pap,
– 0aq = >,
– q ≤ r ⇒ (paq)(ras) ≤ pas,
– (paq)(qar) ≤ par,
– (pap)(paq) = (paq)(qaq) = paq,
– (pap)(pap) = pap,
– x«1 = 1⇔ x ≤ 1a1,
– x ≤ pqar ⇔ px ≤ qar.

Example 16. In a structure which is both a pre-post algebra and a correctness
algebra, such as every model in Section 2, the correctness rule for while loops
translates as

x ≤ pqaq ∧ q ≤ `+ t<∞ ∧ (∀n ∈ N : x ≤ tnpqa`+ t<n) ⇒ p ? x ≤ qap′q .

This rule introduces a while loop by refining a pre-post specification. We give
two instances in the computation model of Section 2.5. The first instance is a
partial correctness rule obtained by setting Z = >0, whence ` = 1 by Theorem
9 and therefore

x ≤ pqaq ⇒ p ? x ≤ qap′q

because pqaq ≤ tnpqa1 by Theorem 15. The second instance is a total correctness
rule obtained by setting Z = 0, whence ` = 0. Using q = t<∞, a consequence of
the rule is

r ≤ t<∞ ∧ (∀n ∈ N : x ≤ tnpat<n) ⇒ p ? x ≤ ra1 .

Both instances are obtained in the same model, with different values of Z, and
therefore apply to the same while loop p ? x. This achieves a separation of the
invariant q and the termination condition r as advocated by [13, 12]. Moreover,
by using Z = loop a further separation can be obtained to specify the states from
which the execution of the loop does not abort independently of q and r.



The following result shows how to define pre-post specifications in antido-
main semirings subjected to two additional axioms taken from [15]. They are
equivalent to x0 ≤ y ⇔ x ≤ y+ H and introduce the element H representing the
program havoc, which is the greatest program that has only finite executions.

Theorem 17. Let S be a bounded relative antidomain semiring, which is a pre-
condition algebra according to Theorem 9. Let H ∈ S such that

H0 = 0 x ≤ x0 + H

for each x ∈ S. Then S is a pre-post algebra with paq = Z + a(p)>+ Hq.

6 Conclusion

Five computation models with varying representations of finite, infinite and
aborting executions support similar correctness statements. These are captured
uniformly by a relativisation of domain semirings and, more generally, by an
algebra for preconditions. It facilitates the definition of correctness claims, their
calculus and pre-post specifications in a unified way for various models and cor-
rectness statements.

Future work concerns a question raised by a referee, namely whether the
approach can be extended to general refinement algebra [39] which models dual
non-determinism.
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